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ABSTRACT: We compute the static potential in a scalar field theory in non-commutative
space including a term due to UV /IR-mixing. As a result, the potential decays exponen-
tially fast with distance rather than like a power law as in the commutative theory due to
the exchange of massless particles. This shows that when quantum effects are taken into
account the introduction of non-commutativity not only modifies physics at short distances
but has dramatic macroscopic consequences as well. As a result, we give a lower bound on
the scale of non-commutativity (if present at all) to be compatible with power law forces
over macroscopic distances.
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1. Introduction

We have two extremely successful approaches to understand the fundamental interactions:
Quantum field theory exemplified in the standard model of particle physics and general
relativity governing the gravitational forces dominating the universe at large scales. It is
widely believed that for a unification of these two approaches one has to develop a descrip-
tion of a quantum space-time which has to approximate the structure of a differentiable
manifold at distances larger than the Planck scale.

Probably the most conservative approach to such a quantum space-time is to promote
the coordinates to quantum operators which no longer commute and thereby induce a
fundamental quantum uncertainty of geometry at the Planck scale [, B] . This scenario
gained a lot of momentum a few years ago when it became clear that it arises naturally
from string theory in backgrounds with non-vanishing Kalb-Ramond 2-form By, [{-f .

The simplest version of space-time non-commutativity is obtained from commutation

relations
[xH, "] = 160"

for a constant, anti-symmetric matrix 6. It leads to the Moyal-Weyl *-product for fields
living in this space time
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By replacing the ordinary commutative product between fields in the action many field
theories including U(N) gauge theories can be adapted to this non-commutative space-
time. It was argued for example in [fJ] that by treating 6 perturbatively one could even
deform the standard model with differences showing up only at microscopic scales. Due to
UV/IR-mixing, this perturbative treatment is not justified and in this paper we explicitly
work out macroscopic consequences of non-commutativity due to UV/IR-mixing.

In simple non-commutative theories, 6 plays the role of a non-commutative deforma-
tion parameter as does h in quantum mechanics where it controls the extend to which



observables cease to commute. Then, the correspondence principle states that the quan-
tum deformation of the classical theory is only noticeable at small scales where variations
of the classical action are of the order of A. Similarly, one could hope that a space-time
non-commutativity with the entries of # being of the order of E% would only be relevant for
physics at Planckian distances or with typical momenta of the order of the Planck mass
while macroscopic physics would be indistinguishable from a theory on a commutative
space.

This expectation was shaken by [ where loop corrections to non-commutative scalar
field theory were computed. There it was found that while planar diagrams receive no
modifications due to non-commutativity, loop momentum integrals of non-planar diagrams
have additional phase factors which generically render integrals which are UV divergent in
the commutative theory finite. Thus the non-commutativity acts as a UV regulator.

For special external momenta, and most importantly p — 0, the regulator is not
effective and the UV divergence reappears now in the form of a IR divergence. Quadratic
divergences of the commutative theory thus lead to terms of the form
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in the effective action. These terms notably are not of the form of the *-product interactions
of the classical theory and it seems likely that at each loop order new counter-terms are
needed. This would render the non-commutative theories non-renormalisable.

This expectation turned out to be too pessimistic as in [§, [ it was shown that o
theory on non-commutative R* is in fact renormalisable. There it was shown that only a
single further counter-term is required. In those papers, for technical reasons this counter-
term was taken to be

o pxpray, (1.2)

to make the action symmetric under Fourier transform. It cancels the divergence of the
form ([L1)) as it has the same scaling dimension and 6,,2"* acts like d,. Therefore it
was suggested [[(] that also a term of the form ([.1) leads to a renormalisable theory.
This renormalisability has in the meantime been firmly established in [[L]]. This motivates
the approach we will take in this paper: The term ([.1) is not just the result of a one
loop calculation but it should be thought of as part of the quadratic part of the effective
action which if not present right from the start is generated by quantum corrections. Its
contribution can be resummed by instead of the usual Feynman propagator using the
functional inverse of OO0 + ﬁ as the propagator.
Thus we take our theory to be given by

1 A
S= [d'z <8“¢au¢+¢pr¢— Iqﬁ*qﬁ*qﬁ*qﬁ) (1.3)

where as usual p, = i9,. Note well that this new term is non-perturbative in 6 and
becomes singular in the commutative limit. The ¢* interaction leads to the well known
1-loop amplitudes that cause UV /IR-mixing and a counter-term ([L.T]). Once this resulting
counter-term has been taken into account, the ¢*-interaction will not play a further role



in this paper computing the static potential which follows from the quadratic part of the
effective action.

In addition, one could consider a mass term but as long as the mass is smaller than
1/+/6 it will not change our qualitative findings, an exponentially decaying static potential
with characteristic length v and thus — for clearness of presentation — we will not
consider it. If present, a mass term would lead to a Yukawa type effective potential. Thus, if
the interaction has decayed exponentially due to the mass already over length scales smaller
than the scale of non-commutativity, i.e. 1/m < V0, the effect of non-commutativity will
be masked. We will not further consider this case.

In the two remaining terms, the only apperance of 6 is in the counter-term. Thus, by
rescaling 6, we can arrange the numerical coefficient of the counter-term to unity and we
do not need a further numerical coefficient.

The choice of considering a scalar field is merely for clarity of presentation. We expect
the discussion of this paper to generalize to any other field theory with UV/IR-mixing.
For example, the authors of [ found the self-energy correction for the photon to be
I, ~ (0p),(0p),/(p o p)? which has the same scaling with as the term considered in this
paper. Therefore, we expect it to lead to qualitatively similar results. This should justify
our misnomer “Coulomb potential” for a 1/r potential transmitted by a massless scalar
instead of a vector field.

In the existing literature, an effective action including this one loop induced term has
been discussed as giving a potential in momentum space which has its minimum away
from p, = 0 thus leading to a spontaneous breaking of translation invariance and the
formation of stripes [[3-[If]. Lattice calculations have confirmed that this effect persists
non-perturbatively [[7, [[§] (see [19, in the case of the fuzzy sphere).

In this paper however, we take a different point of view and treat all terms quadratic
in the field as part of the free theory determining the propagator. We will find that instead
of the power law behavior of the potential as 1/r?~3 in the commutative theory the non-
commutative potential is decaying exponentially fast. Consequently, the force the field is
transmitting is short ranged and effectively cut-off at the scale of the non-commutativity.
We find that even a small amount of non-commutativity has drastic effects at macroscopic
scales as it screens long range forces. Our conclusion will thus be that it is not correct to
think of non-commutativity modifying a theory only at short scales — possibly the Planck
scale. As soon as quantum effects which result in UV /IR mixing are considered, the theory
is drastically changed at scales large compared to the non-commutativity.

2. Screened Coulomb interaction

For concreteness, let us work in four-dimensional space. We want to compute the potential
due to a source

() = /dT 5D (2 — (7).

Let us assume the source is static and the force is mediated by a field with momentum



space propagator G(p) = G(E, p). Then the potential is given by

V(t,T) = /d4ac/ /d4p G(p)eip(x_m/)J(x/) = /dsﬁG(O,ﬁ)eiﬁ'(f_F).

Thus, in order to obtain the potential we have to compute the spatial Fourier transform of
the propagator at £ = 0.
For the scalar theory with the action ([[.J), the momentum space propagator is given by
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as in this case pop = 6%p? and the propagator only depends on p?. We can easily evaluate
the static potential in polar coordinates:

P 26_\/ﬁ Cos <T/\/M)

r

(2.1)

The effect of the non-commutativity is to dress the 1/r Coulomb potential with an oscilla-
tory factor and an exponential decay over the scale of the non-commutativity. The power
law character of the force law has been replaced by a finite interaction range governed by
the length scale of the non-commutativity. Indeed, the deviation from Coulomb behavior
is most pronounced at macroscopic distances r > \/m and we have to conclude that it is
incorrect to think of the non-commutativity as a correction affecting physics only at very
short distances.

Form a deformation perspective, it might come as a surprise that the commutative 1/r
potential is not recovered as a smooth 6 — 0 limit but in the opposite 8 — oo limit. This
however is due to the well known nature of the UV /IR-mixing term which blows up for
small #. Although this has been clear since the discovery of UV /IR-mixing the continuity
of the commutative limit is still tacitly assumed in approaches using an expansion in 6 as
used for example in applications of the Seiberg-Witten-map. Obviously, this expansion is
only valid at the classical level and breaks down at the quantum level.

Our result demonstrates that it is essential to fully resum the contribution of all orders
in 6 in order not to miss the effects of the non-locality of the *-product.

Let us consider a more general non-commutativity. Up to now, we have used euclidean
signature and the self-dual choice of #* implied that both p? and p o p were SO(4) sym-
metric. In Lorentzian signature, it is well known that having non-commutativity between
time and space can lead to problems with unitarity unless it is possible to boost to a frame
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Figure 1: The logarithm of the static potential, coordinates in units of v/f. The exponential decay
of the potential for p, z — oo can be seen. There is some numerical noise at small z.

where time is a commuting coordinate. We will now assume that this boost has been
performed. Then, up to a rotation, we can assume 0¥ is of the form
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The non-commutativity is only in the zy-plane and 6 > 0. In cylindrical coordinates, after
a change of coordinates p — p/v/60, we have to evaluate

1 ) 2m oo ei(pggcosp(z,-l—pzz)/\/é
V(e,2) = 75/0 pgdpg/o dp¢>/ dp:

Figure 1 shows this static potential evaluated numerically. One can see it is indeed decaying
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exponentially fast.
The py and p. integrals are easily evaluated and we find

2l fo3+ /v
4?0 e C et Jo(po/ V)
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We cannot evaluate this remaining integral analytically. However, it is sufficient to deter-

mine it asymptotically for distances /02 + 22 large compared to /0 using the method of
steepest descent. We fix the direction ¢ = p/|z| and use the asymptotic form of the Bessel

V(e 2)

function

Jo(z) — % cos(x — /4).

Eventually

273 [ —lzl, [P+ [V
V(ez, z) — 377T/ dp, Lle ’ ;g/ cos <M — z) . (2.2)
Vcel|z| Jo P2+ T Ve 4



Next, we rewrite the cosine as a sum of two complex exponentials. The integral contains
|2| only in form of the exponential exp(®(p,)|z|/v/0). Thus, for |z| > v/ it is dominated

by the contribution from the points where the “complex phase” ®(p,) = ,/ p% + 1% +icap,
o

is stationary (with o = +1). For each « there are contributions from four stationary points
Po,i (which are a function of ¢ only but not of z or #) obeying

1 1
; 2
Poi — —3~ = —1QC, [Py t+ 5 (2.3)
Py V7o e

By evaluating the p, integral to leading order in z/ V0 we find

1
2 1 + 4 ]
Vizen) =320 (1 v %) _ FPoi (@l Vi) <1 N 0<@>> (2.4)
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as explained in the appendix. As detailed there, the sum has to be taken over all solutions
Po,i Of

2
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By analyzing the integrand of (.9) for large and small p, it can be seen that V(cz,2) — 0
for large 2. Thus we can conclude that the sign in the exponential in (2.4) will always
be such that the real part of the coefficient of |z| is positive. Thus, the potential is in
fact decaying rather than growing exponentially. In the appendix, it is shown algebraically
that @ is indeed stationary only for points p, such that the real part of —®(p,)|z|/V is
negative.

The expression (2.4) constitutes the main result of this work. It shows that for distances

z large compared to the length scale of non-commutativity v/@, the interaction which
is transmitted by the field ¢ dies off exponentially fast in contrast to the commutative
situation where it only falls off like 1/|z|. The effect is as if due to the non-commutativity
the field ¢ had acquired a direction dependent mass of the order of 1/ V0.

3. Conclusions

In this paper, we investigated the effect of non-commutativity on the long range interactions
mediated by a scalar field taking into account UV/IR mixing. This effect due to loop
diagrams induces new quadratic terms in the effective action with negative powers of 6,
the scale of non-commutativity.

We showed that by including these terms into a resummed propagator the power law
effective potential is modified to a Yukawa type potential with exponential fall-off with a
direction dependent decay length of the order of /6.

This calculation shows explicitly that the assumption motivated by a classical analysis
that the deformation leading to non-commutativity of space-time coordinates only modifies
physics at short distances (typically the Planck scale) is not true once quantum effects are



taken into account. Rather, the drastic consequences of the non-commutativity is that it
switches off the interaction for macroscopic scales.

This raises the question of viability of simple non-commutative models for phenomenol-
ogy given that at macroscopic scales we do observe long range power-law interactions but
no signs of non-commutativity. In this paper we have only treated a single scalar field but
the argument should generalize to fields of higher spin as soon as the theory has UV/IR-
mixing. The case of gauge fields is known [[[J to have a similar self-energy correction
proportional to (fp)~2 although with a different tensor structure. We expect this to lead
to qualitatively similar effects.

The specific term 1/p o p arises from integrals which are quadratically divergent in the
commutative theory. Thus the argument should directly apply for example for the Higgs
self-energy in the standard model giving a lower bound on v/# at the order of the inverse
Higgs mass. Terms with milder divergence lead to slightly different terms in the effective
action which however will have a similar behavior that they become large for small v/
since they arise from divergences which are regularized by the non-commutativity. Thus
they are likely to lead to similar macroscopic consequences of the non-commutativity and
to result in similar bounds.

We think this is an example of the generic situation that quantum effects transmit non-
localities (here due to non-commutativity) which classically appear only at short scales to
arbitrarily large scales. This should be seen as a challenge to model-building based on
non-commutative space-time or other sources of non-locality.
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A. The effective potential is decaying exponentially

In this appendix, it will be shown that the real part of the phase ®(p, ;) at the station-
ary points is positive and thus the effective potential in (P.4) is indeed decaying at large
distances.

We want to determine the sign of the real part of

/ .
P(poi) = | [Py, + 5 +iacpy,
Po,i

at its stationary points with « = +1 and ¢ > 0. As we pick the branch-cut to be along the
negative real axis, all square-roots will have non-negative real parts. Thus it is sufficient
to show that at the critical points we have aIm(p, ;) < 0.

Setting the derivative of ® to zero yields

1 1
]2
a | pei— = —ic, [p5,; + . (A.1)
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Squaring this relation gives a quadratic equation for 1/ p‘;’i which is solved by

1 *(e+apV/E=3) (A2)

)

with another sign 3 = £1. As to obtain this solution we have squared (A.]), only four
of the eight solutions for p,; in ([(A.2) will really solve (A.T]). However, the other solutions
will solve ([A.T) for the other choice of a. Therefore, instead of fixing o and determining
which four of the eight p,; is really a solution, we find the appropriate «; for each of the
four p, ;.

Let us first consider the case ¢ > 8. From (A.1) and the non-negative real part of
square-roots we find that the imaginary part of a;p,;(1 — 1 /péi) is negative. But (A.2)
implies that 1 — 1 /péi is real and positive. Thus the imaginary part of a;p,; is negative
and indeed exp(—|z|®(p,;)/V0) decays for large |z|.

It remains to consider ¢? < 8. As with any solution p,; of (A.9) also i"p,; are solutions,
we can first consider the solution such that |arg(p,1)| < 7/4. In this case, it is easy to see
that the imaginary part of p,1 — 1 /p:;”l has the same sign as the imaginary part of p, 1.
Again using (AJ) and the non-negative real part of square-roots implies that Im(a1p, 1)
is not positive. Substituting the next solution py2 = —p,1 in ([A]), the r.h.s. does not
change and we have g = —ay to compensate the change of sign of p,; + 1/p37i. Thus
A1Pp,1 = Q2Pp, 2.

Next, consider p, 3 = ip,,1 which has positive imaginary part. For any complex number

1 1
2 _
Im <z + z2> = 2zy <1— ]2\4>

From the explicit solution we have |1/ p§7i| = 1+c?. Thus Im(pél +1/ p?),l) has the opposite
sign of Im(p,,1). Using this together with /—z = —iy/zsgn(Im(z)) in evaluating the r.h.s.
of (A]) for p,3 gives ag = —1. Thus Im(asp,3) < 0 as well. The same is true for

z = x + iy one has

Po4 = —Pp,3 as can be shown using the same argument as in the case of p, 2.
This concludes our proof that for all stationary points p,; of ® the sign o; adjusts to
make Im(a;p,;) < 0 and thus the effective potential decays at large distances.
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